In this paper, we propose a novel and efficient differential quadrature element based on Lagrange interpolation to solve a sixth order partial differential equations encountered in non-classical beam theories. These non-classical theories render displacement, slope and curvature as degrees of freedom for an Euler-Bernoulli beam. A generalize scheme is presented herein to implementation the multi-degrees degrees of freedom associated with these non-classical theories in a simplified and efficient way. The proposed element has displacement as the only degree of freedom in the domain, whereas, at the boundaries it has displacement, slope and curvature. Further, we extend this methodology and formulate two novel versions of plate element for gradient elasticity theory. In the first version, Lagrange interpolation is assumed in x and y directions and the second version is based on mixed interpolation, with Lagrange interpolation in x direction and Hermite interpolation in y direction. The procedure to compute the modified weighting coefficients by incorporating the classical and non-classical boundary conditions is explained. The efficiency of the proposed elements is demonstrated through numerical examples on static analysis of gradient elastic beams and plates for different boundary conditions.
INTRODUCTION
The differential quadrature method (DQM) is an efficient numerical tool for the solution of initial and boundary value problems. This technique was first introduced by Bellman et al. [1] . The major challenge in the application of DQM to structural problems is the implementation of multiple boundary conditions. To resolve this issue, many efficient and improved DQ schemes were developed in recent years. A comprehensive survey on the DQM development and the recent contributions to this field can be found in [2] [3] [4] . Bert et al. proposed a δ -method to solve problems in structural mechanics [5, 6] . Subsequent developments in this technique led to the application of this methodology to variety of problems [7] [8] [9] [10] [11] [12] . As this method could not be generalized and had limitations on accuracy, an alternative scheme was proposed which accounted boundary conditions during the formulation of weighting coefficients [13] . However, this method also could not be generalized and worked only for few specific types of boundary conditions and structures with constrained regular edges. Further improvement in these schemes were discussed in the articles by Du et al. [14, 15] .
To address the difficulties in applying the DQ method for structures with discontinuous loading and geometry, Striz et al. [16, 17] developed a quadrature element method (QEM), however, due to the use of δ -technique the scope of this method was limited. Later, Wang et al. [18] and Chen et al. [12] proposed a differential quadrature element method (DQEM) which assumes the slope as an independent degree of freedom at the boundary. The main advantage of this method is only one grid point is required to represent the multiple degrees of freedom at the boundary. Further improvement in this field led to the development of a new method called the generalized differential quadrature rule (GDQR) [19] [20] [21] . Following this many researchers applied DEQM and GDQR techniques to variety of structural problems [22] [23] [24] [25] [26] [27] [28] [29] .
In the above DQEM and GDQR techniques, Hermit interpolation functions were used to determine the weighting coefficients. In contrast, Wang et al. [28] employed the weighting coefficients based on Lagrange interpolation functions. The research inclination in the aforesaid publications was towards the solution of fourth order partial differential equations which governs the problems related to classical beam and plate theories. The DQ solution for the sixth and eighth order differential equations using GDQR technique with Hermite interpolation function was reported by Wu et al. [30, 31] . They have demonstrated the capability for structural and fluid mechanics problems. Recently, Wang et al. [32] proposed a new differential quadrature element based on Hermite interpolation to solve a sixth order partial differential equation governing the non-local Euler-Bernoulli beam. In their study, they have computed the frequencies for various combination of boundary conditions.
The classical continuum theories are effective for macro scale modelling of structural elements, neverthless, they lack efficiency to model the nano scale systems. These classical theories are governed by fourth order partial differential equations. To overcome this difficulty, several scale-dependent non-classical continuum theories are reported in the literature [33] [34] [35] [36] [37] . These non-classical continuum theories are enriched versions of classical continuum theories incorporating higher order terms in the constitutive relations. These higher order terms consists of stress and strain gradients accompanied with intrinsic length scale parameters which account for scale effects [38] [39] [40] [41] . One such class of gradient elasticity theory is the simplified theory by Mindlin et al. [33] , with one gradient elastic modulus and two classical constants for structural applications. This simplified theory was used by many researchers to study static, dynamic and buckling behaviour of gradient elastic beams [42] [43] [44] [45] [46] and plates [47] [48] [49] , by deriving the analytical solutions. Recently, Pegios et.al [50] developed a finite element model for gradient elastic Euler-Bernoulli beam and conducted static and stability analysis. The numerical solution of 2-D and 3-D gradient elastic structural problems using finite element and boundary element methods can be found in [51] .
In this paper, we propose for the first time a novel differential quadrature beam element based on Lagrange interpolation to solve a sixth order partial differential equation associated with gradient elastic Euler-Bernoulli beam theory. Further, we extend this methodology and formulate two novel versions of plate element for gradient elastic Kirchhoff plate theory. In the first version, the Lagrange interpolations are used in both x and y direction, and later, mixed-interpolations are used with Lagrange interpolations in x direction and C 2 continuous Hermite in y direction. A novel way to impose the classical and non-classical boundary conditions for gradient elastic beam and plate elements are presented. A new procedure to compute the higher order weighting coefficients for the proposed elements are explained in detail. The efficiency and the performance of the elements are established through numerical examples.
Strain gradient elasticity theory
Mindlin's [33] strain gradient micro-elasticity theory with two classical and one non-classical material constants is consider in the present study. The two classical material constants are Lame constants and the non-classical one is related to intrinsic bulk length g. In what follows, the theoretical basis required to formulate the differential quadrature beam and plate ele-ment for gradient elasticity theory are presented. Further, the classical and non-classical boundary conditions associated with the gradient elastic EulerBernoulli beam and Kirchhoff plate are discussed.
Gradient elastic Euler-Bernoulli beam
The stress-strain relations for 1-D gradient elastic theory are defined as [44, 52] 
where, λ, µ are Lame constants.∇ =
is the Laplacian operator and I is the unit tensor. τ , ς denotes Cauchy and higher order stress respectively, ε and (tr ε) are the classical strain and its trace which are expressed in terms of displacement vector w as:
It follows from the above equations the constitutive relations for an EulerBernoulli gradient beam can be stated as
For the above state of stress and strain the strain energy expression in terms of displacement can be written as
The potential energy of the applied load is given by
The total potential energy of the beam is given by
where, E, A and I are the Young's modulus, area, moment of inertia, respectively. q b and w(x, t) are the transverse load and displacement of the beam. V , M andM are shear force, bending moment and higher order moment acting on the beam.
Using the principle of minimum potential energy [55] :
and performing integration by parts, we get the governing equation for a gradient elastic Euler-Bernoulli beam as
and the associated boundary conditions are:
Classical :
Non-classical :
The list of classical and non-classical boundary conditions employed in the present study for a gradient elastic Euler-Bernoulli beam are as follows
Simply supported :
Next, the constitutive relations, governing equation and the associated classical and non-classical boundary conditions for a gradient Kirchhoff plate are presented.
. The potential energy of the external load is defined as
where q 0 is the transverse load on the plate. n and s are the normal and tangential to the boundary point corresponding to x and y coordinates axis.
Using the principle of minimum potential energy and performing integration by parts over the area, we obtain the governing equation for a gradient elastic Kirchhoff plate as
where,
∂x 2 ∂y 2 ,
the associated boundary conditions for the plate with domain defined over
Classical boundary conditions :
Non-classical boundary conditions :
The concentrated force at the free corner is given by
where l x and l y are the length and width of the plate. V x , V y are the shear force, M x , M y are the bending moment andM x ,M y are the higher order moment. R is the concentrated force at the free corner.
The different boundary conditions employed in the present study for a gradient elastic Kirchhoff plate are:
Simply supported edge :
Clamped edge : w =w x =w xx = 0 at x = 0, l x w =w y =w yy = 0 at y = 0, l y Free edge :
2 Differential quadrature elements for gradient elasticity theory 
where N is the number of grid points and z are the coordinates of the grid. For the plate analysis N = N x = N y is employed.
Differential quadrature element for gradient EulerBernoulli beam
The nth order derivative of the deflection w(x, t) at location x i for a N-node 1-D beam element is assumed as
L j (x) are Lagrangian interpolation functions in x co-ordinate. The Lagrange interpolation functions can be defined as [3, 4] ,
where
The first order derivative of the above shape functions can be written as
The conventional higher order weighting coefficients are computed as (27) here, B ij , C ij and D ij are weighting coefficients for second, third, and fourth order derivative, respectively. Each interior node has displacement w as the only degree of freedom, and the boundary nodes has 3 degrees of freedom w, w , w . These extra boundary degrees of freedom related to slope and curvature are introduced in to the formulation through modifying the conventional weighting coefficients. The new displacement vector now includes the slope and curvature as additional degrees of freedom at the element boundaries as:
The modified weighting coefficient matrices accounting for slope and curvature degrees of freedom at the boundaries are derived as follows:
First order derivative matrix :
Second order derivative matrix :
Third order derivative matrix :
Fourth order derivative matrix :
Fifth order derivative matrix :
Sixth order derivative matrix :
Here,Ā ij ,B ij ,C ij ,D ij ,Ē ij andF ij are first to sixth order modified weighting coefficients matrices, respectively. Using the above Equations (28)-(39), the governing differential equation (8) , in terms of the differential quadrature at inner grid points is written as
The boundary forces given by Equations (9)- (10), in terms of differential quadrature are expressed as Shear force:
Bending moment:
Higher order moment:
here i = 1 and i = N correspond to the left support x = 0 and right support x = L of the beam, respectively.
Once the boundary conditions in Equations (9)- (10) are applied, we get the following system of equations in the matrix form as
where the subscript b and d indicates the boundary and domain of the beam.
are the boundary and domain forces and displacements of the beam, respectively. Now expressing the system of equations in terms of domain dofs ∆ d , we get
The solution of the above system of equations renders the displacements at the domain nodes of the beam element. The boundary displacements are computed from Equation (44), and forces are computed from the Equations (41)-(43).
Differential quadrature element for gradient elastic plates
Here, we present two versions of novel differential quadrature element for a gradient elastic Kirchhoff plate. First, the differential quadrature element based on Lagrange interpolation in x and y direction is formulated. Next, the differential quadrature element based on Lagrange-Hermite mixed interpolation, with Lagrangian interpolation is x direction and Hermite interpolation assumed in y direction is presented. Similar to the beam elements discussed in the previous section, the plate element has only displacement w as degrees of freedom in the domain and at the plate edges it has 3 degrees of freedomw,w x ,w xx orw y ,w yy depending upon the edge. At the corners the element has five degrees of freedomw,w x ,w y ,w xx and w yy . The new displacement vector now includes the slope and curvature as additional degrees of freedom at the element boundaries given by: A differential quadrature gradient plate element for a N x × N y grid is shown in the Figure 2 . Here, N x = N y = 5 are the number of grid points in x and y directions, respectively. It can be seen that the element has three degrees of freedom on each edge and five degrees of freedom at the corners. In the figure, the slopew and curvaturew dofs with first subscript 1 and N , correspond to the edges y = 0 and y = l y , respectively. Similarly, the slopew and curvaturew dofs with second subscript 1 and N , correspond to the edges x = 0 and x = l x , respectively.
Lagrange interpolation based differential quadrature element for gradient elastic plates
The deflection for a N x × N y node differential quadrature rectangular plate element is assumed as
wherew pq (t) is the nodal deflection vector andL p (x) andL q (y) are the Lagrange interpolation functions in x and y directions, respectively. The slope and curvature degrees of freedom at the element boundaries are accounted while computing the weighting coefficients of higher order derivatives as discussed in section 2.1. Using the 1-D Lagrange interpolation functions derived in the section 2.1, the governing differential equation (18) in the differential quadrature syntax at inner grid points can be expressed as 
The boundary forces, Equation (20)- (22), in terms of differential quadrature form are expressed as Shear force: 
Bending moment: 
Concentrated force at the free corner: 
here p = 1 and p = N x correspond to the two edges of the plate at x = 0 and x = l x , respectively. Similarly, s = 1 and s = N y correspond to y = 0 and y = l y edges.
Once the boundary conditions in Equation (20)- (22), are applied we get a similar system of equations in the matrix form as given by Equation (44) . By condensing the boundary dofs, the sysem of equations are reduced to the form as given by Equation (45), and the solution leads to the unknown domain displacements of the plate. The boundary displacement are post-processed from Equation (44) and the stress resultants from Equation (50)-(53).
In the above we have formulated the differential quadrature plate element based on Lagrange interpolation functions, next, we construct a second version of quadrature plate element based on mixed Lagrange-Hermite interpolation functions.
Mixed interpolation based differential quadrature element for gradient elastic plates
The differential quadrature plate element presented here is based on mixed Lagrange-Hermite interpolation, with Lagrangian interpolation is assumed in x direction and Hermite in y direction. The advantage in the mixed interpolation based schemes is the mixed derivative dofs at the free corners of the plate are excluded from the formulation [4] . The deflection for a N x × N y grid mixed interpolation differential quadrature plate element is assumed as
where w pq (t) is the displacement vector at grid point (p, q), andL p (x),Γ q (y) are the Lagrange and Hermite interpolation functions in x and y directions, respectively. The Lagrange interpolation functions are derived in section 2.1.
The Hermite interpolation functions for a 1-D N-node differential quadrature element are presented next. The displacement within the 1-D gradient element based on C 2 continuous Hermite interpolation is assumed as
where,v is the nodal displacement vector, φ, ψ and ϕ are Hermite interpolation functions defined as [30, 32] 
The nth order derivative of v(y, t) with respect to y is obtained from Equation (56) as
Now expressing the Equation (18), at inner grid points using the Lagrange and Hermite interpolation, we get 
The boundary forces in Equations (20)- (22), are written as Shear force: 
Once the boundary conditions are applied we get a similar system of equations in the matrix form as given in Equation (44) , and the solution leads to the unknown displacements of the plate. The stress resultants are obtained by post-processing the Equations (65)-(69).
Numerical Results and Discussion
The efficiency of the proposed differential quadrature beam and plate elements is demonstrated for static analysis. First, the performance of the beam element is verified, followed by the plate element. The results reported herein are generated using a single element for different boundary and loading conditions. The classical (deflection, slope and bending moment) and the non-classical (curvature and higher order moment) quantities related to gradient Euler-Bernoulli beam and Kirchhoff plate are compared with the literature results for four values of length scale parameter, g = 0.00001, 0.05, 0.1, and 0.5. For ease of comparison, the proposed (strain gradient) differential quadrature beam element based on Lagrange interpolation is designated as SgDQE-L, the plate element based on Lagrange interpolation in x and y directions as SgDQE-LL and the element based on mixed interpolation with Lagrange function in x direction and Hermite function in y direction as SgDQE-LH.
Differential quadrature element for gradient elastic Euler-Bernoulli beam
The classical and non-classical boundary conditions used in this study for different end supports are listed in the section 1.1. The non-classical boundary conditions employed for simply supported gradient beam is w = 0 at x = (0, L), the equations related to curvature degrees of freedom are eliminated. For the cantilever beam, results are compared for two different choice of non-classical boundary conditions. In the first choice, the non-classical boundary conditions used are w = 0 at x = 0 andM = 0 at x = L. The equation related to curvature degrees of freedom at x = 0 is eliminated and the equation related to higher order moment at x = L is retained. For the next choice of non-classical boundary conditions we assume,M = 0 at x = 0 and w = 0 at x = L. Similarly, for clamped and propped cantilever beam the non-classical boundary conditions remains the same, w = 0 at
In what follows, the ability of the beam element is assessed through convergence study and numerical comparisons for various examples. In the first part, beams subjected to uniformly distributed load (udl) are considered for different support conditions, later, a simply supported and cantilever beam with concentrated load are examined. The numerical data used for the analysis of beams is as follows: Length L = 1, Young's modulus E = 3 × 10 6 , Poission's ratio ν = 0.3 and load q b = 1.
Static analysis of gradient elastic beams under uniformly distributed load
The results reported here for beams with udl are nondimensional as, deflection :
Four support conditions for the beam are considered in this study, simply supported, clamped, cantilever and propped cantilever. In Appendix-I, the procedure used to obtain the exact solutions for different boundary conditions for a gradient elastic Euler-Bernoulli beam under udl is explained. These exact solutions are used to compare the results obtained using SgDQE-L beam element.
In Figure 3 , the convergence of maximum nondimensional deflection obtained using SgDQE-L element for a simply supported gradient beam subjected to udl is shown. The results are compared with exact solutions for g/L = 0.1. It can be noticed that the convergence is faster for SgDQE-L element, with deflection approaching to exact value with 11 grid points. Similar trend is noticed in the the Figure 4 , for a clamped beam. Hence, from the above findings, it can be inferred that the accurate solutions can be obtained using single SgDQE-L element with fewer number of nodes.
In the following tables classical and non-classical quantities are compared for different boundary conditions and g/L values. The number of grid points employed to generate the tabulated results is N = 11. In Table 1 , the classical and non-classical quantities are given for a simply supported beam and compared with exact solutions for various g/L. The deflection and curvature are computed at center of the beam x = L/2, the slope and higher order moment at x = 0. Hence, the classical and non-classical quantities obtained using SgDQE-L are highly accurate and this consistency is maintained for all the g/L values. Table 2 : Comparison of deflection, slope, curvature, bending moment and higher order moment for a clamped beam under a udl.
The Tables 2 contains the results for a clamped beam. For the clamped beam the deflection and curvature are obtained at x = L/2, were as the bending moment and higher order moment is computed at x = 0 and the slope is evaluated at x = 0.2061L. From the above tabulated results it can be concluded that the solutions obtained using SgDQE-L element with 11 grid points are in excellent agreement with the exact solutions for all the boundary conditions and g/L values considered.
In the above results the accuracy of the SgDQE-L element was verified at a particular location of the beam. Next, we demonstrate the accuracy along the length of the beam for g/L = 0.1 and 0.5. The results are obtained using 11 grid points. Figures 5-8 , illustrate the variation of deflection, slope, curvature and higher order moment, respectively, along the length for a simply supported beam. The results obtained using SgDQE-L element show perfect fit with the exact solution for both g/L = 0.1 and g/L = 0.5. From the above observations it can be stated that SgDQE-L element can be efficiently applied to study the static behaviour of gradient elastic EulerBernoulli beam for any choice of intrinsic length and boundary condition.
Static analysis of gradient elastic beams under point load
To establish the capability of the SgDQE-L element for beams under concentrated load, two examples are considered, a cantilever beam with tip load and a simply supported beam with mid point load. The results reported here for beams with point load are nondimensional as, deflection :
In the Figure 9 , the convergence of the nondimensional tip deflection for a cantilever beam is shown. The comparison is made with finite element results [50] and exact solutions [54] . The SgDQE-L element exhibit excellent and rapid convergence behaviour with 15 grid points. In Table 3 , nondimensional deflection, slope and curvature at the tip for 15 grid points are given. The SgDQE-L element demonstrates good comparison with literature results for all the quantities. To verify the accuracy of the SgDQE-L element along the length of the beam, tip displacement is plotted in Figure 10 , and compared with exact solution [54] for g/L = 0.05 and 0.1. It is evident from the graph that the SgDQE-L element compares well with the exact solution for both g/L = 0.05 and 0.1.
In the Figure 11 , the convergence of the nondimensional center deflection for a simply supported beam under mid point load is plotted for g/L = 0.1. The literature results used to compare the solution are obtained using two finite elements [50] . The Dirac-delta technique is employed here to represent the concentrated load accurately [4, 53] and similar grid is used as in Ref. [53] to produce the results. The observations indicate the SgDQE-L element display faster convergence with 13 grid points. In Table 4 , nondimensional deflection, slope and curvature are tabulated for comparison. The SgDQE-L results agree well with the finite element solutions for all the quantities and g/L values.
Hence, single SgDQE-L element with less number of grid points yield accurate results for beams with concentrated load. 
Differential quadrature element for a gradient elastic Kirchhoff plate
In this section, the performance of the two proposed differential quadrature plate elements SgDQE-LL and SgDQE-LH is validated. Three different example problems are considered here, a rectangular plate with udl, a square plate subjected to central point load and a plate under cylindrical bending.
Comparison is made with available literature results for different boundary conditions and g/l x values. For the example problems were gradient plate solutions are not available in the literature, comparison is made with the classical solutions. The boundary conditions used in the examples are described by a notation, for example, a cantilever plate is represented as CFFF, the first and second letter correspond to x = 0 and y = 0 edges, similarly, the third and fourth letter correspond to the edges x = l x and y = l y , respectively. Further, the letter S, C and F correspond to simply supported, clamped and free edges of the plate. The number of grid points in either direct are assumed to be equal, N = N x = N y . The numerical data used for the analysis of plates is: length l 
The non-classical boundary conditions employed for SSSS gradient plate are w xx = 0 at x = (0, l x ) and w yy = 0 at y = (0, l y ), the equations related to curvature degrees of freedom are eliminated. The size of the resulting nonzero boundary degrees of freedom vector ∆ b after eliminating the equations related zero classical and non-classical boundary degrees of freedom is 4N −8, which is similar to classical simply supported plate. For a CCCC plate the non-classical boundary conditions used are w xx = 0 at x = (0, l x ) and w yy = 0 at y = (0, l y ), as a result, the size of boundary degrees of freedom vector is zero. Similarly, for CFFF cantilever plate, conditions employed are w xx = 0 at x = 0,M x = 0 at x = l x andM y = 0 at y = (0, l y ), and this leads to the size of ∆ b as 9N − 8.
Static analysis of gradient Kirchhoff plates under uniformly distributed load
In this study, a SSSS, CCCC square plate and a rectangular cantilever plate CFFF (l y = 2 l x ) under udl are analysed. In Figure 12 , the convergence of nondimensional deflection for a SSSS plate with g/l x = 0.1 is plotted for SgDQE-LL and SgDQE-LH elements and compared with analytical solutions [48] . The analytical solutions are obtained using 100 terms in the series. The SgDQE-LL and SgDQE-LH elements demonstrate faster convergence to exact solution with N x = N y = 11, grid points. In Figures 13 and 14 , the convergence behaviour for CCCC and CFFF plates obtained using SgDQE-LL and SgDQE-LH are illustrated. As the analytical solutions for gradient elastic CCCC and CFFF plates are not available in the literature, only the convergence trend for SgDQE-LL and SgDQE-LH elements are shown. Both the elements converge with 11 and 17 grid points for CCCC and CFFF plates respectively. The deflection for SSSS and CCCC plate is computed at centre (l x /2, l y /2) .and for CFFF plate at (l x , l y /2). In Table 5 , the nondimensional deflection for a SSSS plate computed for different g/l x values is shown. The SgDQE-LL and SgDQE-LH elements demonstrate excellent agreement with the analytical solutions [48] for all g/l x values. For the CCCC and CFFF plate the classical solution is compared with SgDQE-LL and SgDQE-LH results for lower value of g/l x = 0.00001. However, for higher values of g/l x only solutions obtained using SgDQE-LL and SgDQE-LH are tabulated and they show good comparison. Similar accuracy is seen in Table 6 -8, for slope, curvature and higher order moment, respectively, obtained for different boundary conditions of the plate. All the results presented here for SSSS and CCCC plates are obtained using N x =N y =15, and for CFFF plate N x =N y =17 is used.
In the above, the classical and non-classical quantities are compared with the analytical solutions for SSSS plate and excellent match is verified. For the example problems were analytical solutions are not available, SgDQE-LL and SgDQE-LH elements produce identical results for CCCC and CFFF plates. From the above findings, it can be ascertain that the SgDQE-LL and SgDQE-LH elements with less number of grid points can be efficiently applied to study the static behaviour of gradient plates under udl. Next, we illustrate the applicability of the above elements for plates with concentrate loads. 
Static analysis of gradient Kirchhoff plate under point load
To represent the concentrate load accurately the Dirac-delta technique is employed [4, 53] . In Table 9 , the nondimensional defection for CFCF, SFSF and SFCF plates subjected to central point load are presented. Simlar grid is used as in Ref. [4] ) for a gradient plate under a central point load.
Gradient Kirchhoff plate under cylindrical bending
A gradient plate with two opposite sides clamped (x = 0, l x ) subjected to udl and under cylindrical bending is analysed. The maximum deflection obtained using SgDQE-LL and SgDQE-LH elements with 15 grid points are compared with analytical solutions [49] 
Conclusion
A novel differential quadrature beam element was proposed to solve a sixth order partial differential equation associated with non-classical beam theories. This methodology was extended to formulate two new and different versions of differential quadrature plate elements for non-classical gradient elasticity theory. A new way to account for the non-classical boundary conditions associated with the gradient elastic beam and plate theories was introduced. The efficiency of the proposed elements was established through application to flexural problems of beams and plates.
solution is obtained from the Equation (A1). The slope and curvature at any point along the length of the beam can be obtained by performing the first and second derivatives of the deflection. The shear force, bending moment and higher moment are obtained by substituting the Equation (A1) in Equations(9) and (10) . The following are the expressions for support reactions:
Shearf orce : The following are the list of simultaneous equations to determine the unknown constants for different boundary conditions: 
(c) clamped beam :
